A comparison theorem for two weighted series is proved. As a consequence, a new result concerning the weighted densities is given.
Introduction
Let N denote the set of positive integers. Let w = (w n ) be a sequence (weight sequence) of positive real numbers. The characteric function of a set A will be denoted by χ A . For every A ⊂ N we define [1] and [8] . Notice that the well-known asymptotic density corresponds to the weight sequence w n = 1, n = 1, 2, . . . and the logarithmic density corresponds to w n =
Two densities are called comparable if one of them is weaker than the other (see [4] ). It is known that the logarithmic density is weaker than the asymptotic one. More generally, all of the w-densities defined by w n = n α , α ≥ −1 are comparable.
The main tool which is used to compare weighted densities (e.g. see [2] , [3] , [4] , [6] , [9] ) is the classical result of C.T. Rajagopal [7] , Theorem 3. A comparison theorem for matrix limitation methods with applications related to the comparison between weighted densities was proved in [5] . Theorem 1.1 [7] Let (w n ), (s n ) be positive real sequences. If wn sn is decreasing, then for every sequence (a n ) of real numbers
Let us consider the weight sequences w n = n α , s n = n β , n = 1, 2, . . . where β > α ≥ −1. Let a n = χ A (n) for a set A ⊂ N. Then by the Rajagopal's result we immediately have that the corresponding w-density is weaker than the s-density.
Basic notation
In this part we introduce some basic mathematical notation which we need. We will consider the weight sequences (w n ) and (s n ). For all positive integers n define
In what follows we suppose that
and
Let us denote by a = (a n ) an arbitrary sequence of real numbers and set
Results
We start with a limit theorem, which does not follow from the Rajagopal's result.
Theorem 3.1 Let us suppose that weight sequences (w n ) and (s n ) satisfy conditions (1)- (2) . If moreover
then for arbitrary sequence (a n ) of real numbers we have
S(a, n).
Proof: In the following, for the sake of simplicity, we write W n instead of W (a, n) and S n instead of S(a, n), respectively. It is straightforward to check that for n > 2 the following identity holds
From this we get
Let ε > 0 be such that ε < p − 1. We conclude from (3) that
holds for every sufficiently large n. Substituting this into (4) gives
which after multiplying by n k=1 s k yields the inequality
Let m < N be sufficiently large positive integers. Summing up inequalities (6) for n = m + 1, . . . , N we get
The basic idea of the proof is to rewrite the right-hand side of (7) to a suitable form. An easy computation shows that
Using (8) we rewrite (7) to the following equivalent form
There are now two cases to consider according to whether lim inf n→∞ W n is finite or not.
Case 1: lim inf n→∞ W n = ω. Then for a sufficiently large n we have
From (9) it follows that
Using this together with (1) and (2) we conclude that lim inf
But (3) holds for arbitrary ε, we thus get
which proves the first inequalty in our theorem in the Case 1.
Case 2: lim inf n→∞ W n = −∞. Then there exists a strictly increasing sequence (N k ) such that
We thus from (9) see that
This clearly forces
Therefore, the inequality lim inf n→∞ S(a, n) ≤ lim inf n→∞ W (a, n) holds for any sequence (a n ) of real numbers.
Let us consider the sequence (b n ) = (−a n ). Obviously,
then the inequality lim sup n→∞ W (a, n) ≤ lim sup n→∞ W (a, n) follows immediately, and the proof is complete.
For any subset A of positive integers, let a n = χ A (n), n = 1, 2, . . . . The previous theorem in terms of weighted densities says: For asymptotic density and logarithmic density the corresponding weight sequences are s n = 1 and w n = The answer is negative as is shown in the following example. 
